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Figure 6. Masses M and spin parameters a of the 19 SMBHs for which both
parameters are constrained. Following the conventions of the primary literature, the
spin measurements are shown with 90% error ranges, whereas the masses are shown
with 1σ. This is an updated version of a similar figure appearing in [55].

In Fig. 6 we take the 19 of these objects that also have mass estimates (from various

techniques; see [55]) and place them on the (M, a)-plane. There are several interesting

points to note about this plot. Firstly, there is clearly a population of rapidly spinning

BHs (a > 0.9), especially below masses of 4 × 107M⊙. This is a strong indication that

these SMBHs grew (at least in their final mass doubling) by the accretion of gas with a

coherent angular momentum. Secondly, there are some SMBHs for which intermediate
spins (0.4 < a < 0.8) are inferred, and these tend to be the highest mass systems

(M > 4 × 107M⊙). While the small number statistics and ill-defined selection effects

prevent firm conclusions from being drawn, this may be the first hints for a mass-

dependence to the SMBH spin distribution, with a more slowly spinning population

(corresponding to growth via BH-BH mergers or incoherent accretion [56]) emerging

at the highest masses. Lastly, there are no retrograde spins measured even though
our technique is capable of finding them. A single epoch analysis of the BLRG 3C120

suggested an accretion disk truncated at r ∼ 10M , possibly indicating a rapid retrograde

spin [57], but a multi-epoch analysis revealed that this was a rapidly-rotating prograde

BH with a disk that undergoes transitory truncation related to jet activity [51].

3.7. The emerging field of broad iron line reverberation

An important characteristic of accretion onto BHs that we have not yet addressed is

the time-variability. Fundamentally, the variability is driven by a combination of local

instabilities (such as the magnetorotational instability that drives MHD turbulence [21])
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Naturally weighted 2005 VLBA images of 0402+379 at 8, 15, 22 and 43 GHz. Contours are drawn

beginning at 3  and increase by factors of 2 thereafter. The peak flux density and rms noise for each

frequency are given in Table 1. The labels shown in the 5 GHz map indicate the positions of the two strong,

compact, central components derived from model fitting.
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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FIG. 5. Left: PDFs (solid black line) for the �
p

and �
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spin parameters compared to their prior distribution (green line). The
dashed vertical lines mark the 90% credible interval. The 2-dimensional plot shows probability contours of the prior (green) and
marginalised PDF (black). The 2-dimensional plot shows the contours of the 50% and 90% credible regions plotted over a colour-
coded PDF. Right: PDFs for the dimensionless component spins cS

1

/(Gm2
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) and cS
2
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2

) relative to the normal to the orbital
plane L̂, marginalized over uncertainties in the azimuthal angles. The bins are constructed linearly in spin magnitude and the cosine of
the tilt angles cos�1 (Ŝi · L̂), where i = {1, 2}, and, therefore, by design have equal prior probability.

on the spins (magnitude and orientation) of the BHs of
the binary and could produce super-kicks for spins in the
orbital plane of the binary [111–113]. Unfortunately, the
weak constraints on the spins (magnitude and direction) of
GW150914 prevent us from providing a meaningful limit
on the kick velocity of the resulting BH.

Finally, we can cast the results into PDFs of the strain
at the two instruments p(~h(~#)|~d) and compare them to
the posterior estimates p(~h|~d) obtained using the minimal-
assumption wavelet model [81]. The waveforms are shown
in Figure 6. There is remarkable agreement between the
actual data and the reconstructed waveform under the two
model assumptions. As expected, the uncertainty is greater
for the minimal-assumption reconstruction due to greater
flexibility in its waveform model. The agreement between
the reconstructed waveforms using the two models can be
quantified through the noise-weighted inner product that
enters Eq. (5), and it is found to be 94+2

�3

%, consistent
with expectations for the signal-to-noise ratio at which
GW150914 was observed.

Discussion— We have presented measurements of the
heaviest stellar-mass BHs known to date, and the first
stellar-mass BBH. The system merges into a BH of ⇡
60 M�. So far, stellar-mass BHs of masses ⇡ 10 M�
have been claimed using dynamical measurement of Galac-
tic X-ray binaries [114]. Masses as high as 16–20 M� and
21–35 M� have been reported for IC10 X-1 [115, 116]
and NGC300 X-1 [117], respectively; however, these mea-

surements may have been contaminated by stellar winds as
discussed in [118] and references therein. Our results at-
test that BBHs do form and merge within a Hubble time.
We have constrained the spin of the primary BH of the bi-
nary to be a

1

< 0.7 and we have inferred the spin of the
remnant BH to be a

f

⇡ 0.7. Up to now, spin estimates of
BH candidates have relied on modelling of accretion disks
to interpret spectra of X-ray binaries [119]. In contrast,
GW measurements rely only on the predictions of general
relativity for vacuum spacetime. Further astrophysical im-
plications of these results are discussed in [94, 120].

The statistical uncertainties with which we have charac-
terised the source properties and parameters, reflect the fi-
nite signal-to-noise ratio of the observation of GW150914
and the error budget of the strain calibration process. The
latter degrades primarily the estimate of the source loca-
tion. If we assume that the strain was perfectly calibrated,
i.e. hM = h, see Eqs. (1) and (4), the 50% and 90%
credible regions for sky location would become 48 deg2

and 150 deg2, compared to the actual results of 140 deg2

and 590 deg2, respectively. The physical parameters show
only small changes with the marginalisation over cali-
bration uncertainty, for example, the final mass M source

f

changes from 62+4

�4

M� including calibration uncertainty
to 62+4

�3

M� assuming perfect calibration, and the final
spin a

f

changes from 0.67+0.05
�0.07 to 0.67+0.04

�0.05. The effect
of calibration uncertainty is to increase the overall parame-
ter range at given probability, but the medians of the PDFs

Merging BH binaries!

follow a line of constant chirp mass 8.9þ0.3
−0.3M⊙, and

constrain the mass ratio to be greater than 0.28. The
posterior distribution is not consistent with component
masses below 4.5M⊙ (99% credible level). This is above
the theoretical maximum mass of a neutron star for
common equations of state [66,67]. Thus, both components
are identified as black holes.
Compact binary coalescences act as standard sirens

[68,69]. Their luminosity distance can be extracted from
the amplitude of an observed signal provided the orienta-
tion of the orbital plane can be determined. Information
about whether the orbit is face-on, edge-on, or in between is
encoded in the two polarizations of the gravitational wave.
However, the two LIGO detectors are nearly coaligned and
the source of GW151226 is likely to be located close to the
maxima of the directional responses of both detectors [3].
Consequently, it is difficult to extract the polarization
content, and therefore the orientation of the orbital plane.
As a result, the luminosity distance is only weakly con-
strained to be 440þ180

−190 Mpc, corresponding to a redshift of
0.09þ0.03

−0.04 assuming a flat ΛCDM cosmology [62].
Component spins affect the relativistic motion of the

binary but often have only subtle effects on the gravita-
tional waveform. Therefore, we can only extract limited
information about the spins. Figure 4 (left) shows the
probability density functions of the mass-weighted combi-
nations of orbit-aligned spins χeff [70,71] and in-plane
spins χp [72] for the precessing spin waveform model. The
same figure (right) shows the individual spins of the
component black holes. The posterior density functions

inferred from the precessing and nonprecessing spin wave-
form models indicate that χeff is positive at greater than the
99% credible level; therefore, at least one of the black holes
has nonzero spin. We find that at least one black hole has a
spin magnitude greater than 0.2 at the 99% credible level.
Only weak constraints can be placed on χp, suggesting that
the data are not informative regarding spin-precession
effects [5].
To test whether GW151226 is consistent with general

relativity, we allow the coefficients that describe the
waveform (which are derived as functions of the source
parameters from the post-Newtonian approximation
[26–28] and from fits to numerical relativity simulations)
to deviate from their nominal values, and check whether
the resulting waveforms are consistent with the data [73].
The posterior probability densities of the coefficients
are found to center on their general relativity values.
Additionally, both the offsets and widths of the posteriors
for the post-Newtonian inspiral coefficients decrease sig-
nificantly when analyzing GW150914 and GW151226
jointly, in some cases to the 10% level, as discussed in [5].
The waveform models used are consistent with general

relativity simulations. Figure 5 shows GW151226’s wave-
form reconstruction (90% credible region as in [57]) using
the nonprecessing spin templates employed to find the
signal and extract parameters, plotted during the time
interval with the most significant SNR. Also shown is a
direct numerical solution of Einstein’s equations [38,74,75]
for a binary black hole with parameters near the peak of the
parameter estimation posterior.

FIG. 4. Left: Posterior density function for the χp and χeff spin parameters (measured at 20 Hz) compared to their prior distributions.
The one-dimensional plot shows probability contours of the prior (green) and marginalized posterior density function (black) [58,59].
The two-dimensional plot shows the contours of the 50% and 90% credible regions plotted over a color-coded posterior density
function. The dashed lines mark the 90% credible interval. Right: Posterior density function for the dimensionless component spins,
cS1=ðGm2

1Þ and cS2=ðGm2
2Þ, relative to the normal of the orbital plane L̂. Si and mi are the spin angular momenta and masses of the

primary (i ¼ 1) and secondary (i ¼ 2) black holes, c is the speed of light and G is the gravitational constant. The posterior density
functions are marginalized over the azimuthal angles. The bins are designed to have equal prior probability; they are constructed linearly
in spin magnitudes and the cosine of the tilt angles cos−1ðŜi · L̂Þ.
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GW signals from BH mergers

Inspiral Merger Ringdown

• Frequency gradually 
increases during the 
inspiral 

• Merger of two BHs is 
one of the most 
energetic events in the 
Universe 

• BHs have no hair: final 
remnant has to dissipate 
all properties but mass 
and spin (ringdown)

post-Newtonian
numerical relativity BH perturbations



How about the spin?
M. Favata, soundofspacetime.org 

P. Schmidt 

• Different merger 
frequency (analog of the 
ISCO) 

• Aligned spins take 
longer to merge

• spin precession; orbital plane precession 

• Peculiar waveform modulations

Aligned components 
of the spins

Orbital-plane components 
of the spins



A tale of three timescales
1. Orbital motion 
2. Spin & orbital-plane precession 
3. GW emission and inspiral

t
orb

/ (r/rg)
3/2

tpre / (r/rg)
5/2

tRR / (r/rg)
4

Kepler’s third law 

Quadrupole formula 
Peters & Matthews 1963

Apostolatos et al 1994

if (Post-)Newtonian

Precession InspiralOrbit << <<
:  timescale hierarchy

BH binary multi-timescale analysis:
1. Solve the dynamics (hopefully analytically) on the shorter time 

2. Quasi-adiabatic evolution (“average”) on the longer time

Common practice in  
binary dynamics 

• periastron precession 
• osculating orbital 

elements 
• variation of constants

r � rg = GM/c2



Kepler’s two-body problem
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What you do: 
• One effective particle: 3D 
• 3D to 2D problem:                        

L is a constant of motion! 
• Energy is constant: 2D to 1D? 
• Effective potential

On the shoulders of giants

What you get: 
• A lot of understanding 
• Solutions are Kepler’s orbits 
• Phases: bound, unbound

Integrating                  to get a bunch of points along an orbit or…  
knowing that that curve is an ellipse! 
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Effective potentials for spin precession
What you do: 
• Start from three angles and r 
• 4D to 2D problem: GW are frozen,                       

r and J are constant, 
• Further constant of motion,     

effective spin: 2D to 1D 
• Effective potentials for BH binary    

spin precession
What you get: 
• Analytical solutions 
• Phases: circulating, librating  
• A lot of understanding

Integrating the PN eq. to get a bunch of points on a precession cone or…  
knowing the shape of that cone! 

Kesden, DG et al 2014 
DG et al 2015
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FIG. 1. Reference frames used in this paper to study BBH
spin precession. The angles ✓

1

, ✓
2

, ��, and ✓

12

are defined
is a frame aligned with the orbital angular momentum L (left
panel). The binary dynamics can also be studied in a frame
aligned with the total angular momentum J (right panel).
Once L is taken to lie in the xz-plane, its direction is spec-
ified by S through the angle ✓L. The angle '

0 corresponds
to rotations of S1 and S2 about the total spin S. The two
frames pictured here are not inertial because the direction of
L changes together with the spins to conserve J. These angles
are defined in Eqs. (2), (4) and (9).

of these parameters, greatly reducing the number of de-
grees of freedom. At the PN order considered here, the
magnitudes of both spins are conserved throughout the
inspiral, reducing the number of degrees of freedom from
nine to seven. The magnitude of the orbital angular mo-
mentum is conserved on the precession time (although
it shrinks on the radiation-reaction time), further reduc-
ing the number of degrees of freedom from seven to six.
The total angular momentum J = L + S1 + S2 is also
conserved on the precession time, reducing the number
of degrees of freedom from six to three. As described
in greater detail in the next subsection, the projected
e↵ective spin ⇠ [55, 56] is also conserved by both the
orbit-averaged spin-precession equations at 2PN and ra-
diation reaction at 2.5 PN, providing a final constraint
that reduces the system to just two degrees of freedom.
In an appropriately chosen non-inertial reference frame
precessing about J, precessional motion associated with
one of these degrees of freedom can be suppressed, im-
plying that the relative orientations of the three angu-
lar momenta L, S1 and S2 can be specified by just a
single coordinate! We will provide an explicit analytic
construction of this procedure in this and the following
subsection.

We begin by introducing two alternative reference
frames in which the relative orientations of the three an-
gular momenta can be specified explicitly. As shown in
the left panel of Fig. 1, one may choose the z

0-axis to lie
along L, the x

0-axis such that S1 lies in the x

0

z

0-plane,
and the y

0-axis to complete the orthonormal triad. In

this frame only three independent coordinates are needed
to describe the relative orientations of the angular mo-
menta; we choose them to be the angles

cos ✓1 = ˆ

S1 · ˆL , (2a)

cos ✓2 = ˆ

S2 · ˆL , (2b)

cos �� =
ˆ

S1 ⇥ ˆ

L

|ˆS1 ⇥ ˆ

L| ·
ˆ

S2 ⇥ ˆ

L

|ˆS2 ⇥ ˆ

L| , (2c)

where the sign of �� is given by (cf. Fig. 1)

sgn �� = sgn{L · [(S1 ⇥ L) ⇥ (S2 ⇥ L)]}. (2d)

The relative orientations of the three angular momenta
can alternatively be specified in a frame aligned with the
total angular momentum J. For fixed values of L, S1,
and S2, the allowed range for J = |J| is

Jmin  J  Jmax (3a)

where

Jmin = max(0, L � S1 � S2, |S1 � S2| � L) , (3b)

Jmax = L + S1 + S2 . (3c)

As shown in the right panel of Fig. 1, one can choose the
z-axis parallel to J and the x-axis such that L lies in the
xz-plane:

J = J ẑ and L = L sin ✓Lx̂ + L cos ✓Lẑ . (4)

The third unit vector ŷ = ẑ ⇥ x̂ completes the orthonor-
mal triad. The total spin S = S1 + S2 = J � L will also
lie in the xz-plane:

S = �L sin ✓Lx̂ + (J � L cos ✓L)ẑ , (5)

implying

cos ✓L =
J

2 + L

2 � S

2

2JL

. (6)

We can also define a unit vector

Ŝ

?

=
(J � L cos ✓L)x̂ + L sin ✓Lẑ

S

(7)

which also lies in the xz-plane but is orthogonal to Ŝ.
While the magnitudes L and J of the orbital and to-

tal angular momenta are conserved on the precession
timescale, the same is not true for the total-spin mag-
nitude S, which oscillates within the range

Smin  S  Smax , (8a)

where

Smin = max(|J � L|, |S1 � S2|) , (8b)

Smax = min(J + L, S1 + S2) . (8c)

 Spin morphologies
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vanish and S = S

�

= S+ is constant. Since

lim
S!S

min

d⇠+

dS

� lim
S!S

min

d⇠

�

dS

, (19a)

lim
S!S

max

d⇠+

dS

 lim
S!S

max

d⇠

�

dS

, (19b)

and at most two turning points can exist, it follows that
⇠+ admits a single maximum in [Smin, Smax] and ⇠

�

ad-
mits a single minimum in [Smin, Smax]. The e↵ective po-
tentials therefore have exactly two distinct extrema for
each value of the constants J , r, q, �1 and �2. As clari-
fied below, these special configurations correspond to the
spin-orbit resonances discovered by other means in [37].

The equal-mass limit q ! 1 corresponds to ⇠+(S) =
⇠

�

(S) [cf. Eq. (14)] implying that S is constant for all
values of ⇠ [note that ⇠

±

(Smin) 6= ⇠

±

(Smax)]. This fact
was noted at least as early as 2008 by Racine [56] and it
was recently exploited in numerical-relativity simulations
[39, 58], but the constancy of S is a peculiarity of the
equal-mass case and does not hold for generic binaries.

C. Morphological classification

Although the evolution of '

0 already provides a way to
characterize the precessional dynamics (Fig. 2), a more
intuitive understanding can be gained by switching back
to the L-aligned frame illustrated in the left panel of
Fig. 1. Substituting Eqs. (10) and (13) into (2), we can
express the angles ✓1, ✓2 and �� as functions of S, J and
⇠. This yields the remarkably simple expressions [1]

cos ✓1 =
1

2(1 � q)S1


J

2 � L

2 � S

2

L

� 2qM

2
⇠

1 + q

�
,

(20a)

cos ✓2 =
q

2(1 � q)S2


�J

2 � L

2 � S

2

L

+
2M

2
⇠

1 + q

�
,

(20b)

cos �� =
cos ✓12 � cos ✓1 cos ✓2

sin ✓1 sin ✓2
, (20c)

where the angle ✓12 = arccos ˆ

S1 · ˆ

S2 between the two
spins can also be written in terms of S:

cos ✓12 =
S

2 � S

2
1 � S

2
2

2S1S2
. (20d)
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FIG. 3. Analytical solutions given by Eq. (20) for the evo-
lution of the angles ✓

1

(top panel), ✓

2

(middle panel), and
�� (bottom panel) during a precession cycle. The evolution
of three binaries with ⇠ = 0.25 (blue), 0.3 (green) and 0.35
(red) is shown for q = 0.8, �

1

= 1, �
2

= 0.8, r = 20M and
J = 1.29M2. The evolution of ✓

1

and ✓

2

is monotonic during
each half of a precession cycle and is bounded by the dotted
lines for which cos' = ⌥1 [these curves can be found by sub-
stituting ⇠

±

(S) for ⇠ in Eq. (20)]. Three classes of solutions
are possible and define the binary morphology: �� can oscil-
late about 0 (⇠ = 0.25), circulate (⇠ = 0.3) or oscillate about
⇡ (⇠ = 0.35). An animated version of this figure is available
online at [54], where precession solutions are evolved on t

RR

.

• Bounded by the effective potentials 
• Monotonic

Spin tilts
How do solutions look like?

✓1, ✓2

Azimuthal projections
• Three different morphologies 
• Boundaries if aligned 
• Morphological transitions 

during the inspiral
8

Librating �� ⇠ 0

Circulating

Librating �� ⇠ �

FIG. 4. E↵ective potentials ⇠
±

(S) of Eq. (14) for values of L, J , S
1

, and S

2

leading to three di↵erent sets of spin morphologies.
The loop formed by the two curves encloses all allowed configurations for the constants listed in the legends. As in the left panel
of Fig. 2, empty squares mark the extrema of S (S

min

and S

max

), empty triangles mark the extrema of ⇠ (⇠
min

and ⇠

max

), and
conservation of ⇠ restricts the BBH spins to precess along horizontal lines between the turning points S

±

. BBH spin precession
can be classified into three di↵erent morphologies by the behavior of �� during a precession cycle: oscillation about 0 (blue
region), circulation from �⇡ to ⇡ (green region), or oscillation about ⇡ (red region). The dashed boundaries between these
morphologies occur at values of ⇠ where the dotted curves cos ✓i = ±1 intersect the e↵ective-potential loop, as shown by the
empty circles. All three morphologies are present if one intersection occurs on ⇠

+

(S) and a second occurs on ⇠

�

(S) (left panel),
oscillation of �� about 0 is forbidden if two intersections occur on either ⇠

+

(S) or ⇠

�

(S) (middle panel), and only oscillations
about ⇡ are allowed if there are no such intersections (right panel).

FIG. 5. The (J, ⇠) parameter space for BBHs with di↵erent minimum allowed total angular momentum J

min

. BBH spin
morphology is shown with di↵erent colors, as indicated in the legend. The extrema ⇠

min

(J) and ⇠

max

(J) of the e↵ective
potentials constitute the edges of the allowed regions and are marked by solid blue (red) curves for �� = 0 (⇡). Dashed
lines mark the boundaries between the di↵erent morphologies. The parameters q, �

1

, �
2

and r are chosen as in Fig. 4, whose
panels can be thought of as vertical (constant J) “sections” of this figure (where we suppress the S dependence). The lowest
allowed value of ⇠ occurs at J = |L � S

1

� S

2

| in all three panels. Three phases are present for each vertical section with
J > |L� S

1

� S

2

|. This condition may either cover the entire parameter space (left panel) or leave room for additional regions
where vertical sections include two di↵erent phases in which �� oscillates about ⇡ and a circulating phase in between (center
panel) or only a single phase where the spins librate about �� = ⇡ (right panel). An animated version of this figure evolving
on the radiation-reaction time t

RR

is available online [54].
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2

Merging BH binary

Free precession
sin�� ! ±1 (pile-up)

No tides

Resonant plane locking
sin�� ! 0 (equilibrium)

Spin anti-alignment
�� ! ±180�

✓12 ! ✓1 + ✓2 (tail)

Standard mass ratio

Spin alignment
�� ! 0�

✓12 ! 0�Reve
rsed

mass ra
tio

E�cient
tides

FIG. 1. Schematic summary of our predictions for the spin orientation of BH binaries as they enter the LIGO/Virgo band. If
tides e�ciently align the spin of the secondary with the orbital angular momentum prior to the second supernova, resonant-plane
locking will drive sin�� ! 0, while in the absence of tides the spins will precess freely, piling up around sin�� ! ±1 near
merger. When tides are e�cient, if the primary star evolves into the less massive BH (reversed mass ratio) the PN evolution
will drive �� ! 0�, ✓12 ! 0�. If instead the primary star evolves into the more massive BH (standard mass ratio) the PN
evolution will drive �� ! ±180�, ✓12 ! ✓1 + ✓2, generating a tail in the distribution of ✓12 to larger values. See Eqs. (2) and
(3) for definitions of these angles.

tical distribution of BH spins when they enter the GW-
detection band of second- and third-generation detectors.

Before summarizing our results, we first introduce
some notation. Consider a BH binary with component
masses m1 � m2, total mass M = m1 + m2 and mass
ratio q = m2/m1  1. The spin Si of each BH can be
written as

Si = �i
Gm2

i

c
Ŝi , (1)

where 0  �i  1 (i = 1, 2) is the dimensionless spin mag-
nitude and a hat denotes a unit vector. Our goal is not
to rival the complexity of existing population-synthesis
models of compact-binary formation, but rather to inves-
tigate specifically those astrophysical ingredients which
a↵ect the spin dynamics. We therefore focus on maxi-
mally spinning BH binaries with mass ratio q = 0.8, a
typical value predicted by population-synthesis studies
(cf. e.g. Fig. 9 of [12]).

Let us define ✓i to be the angle between each spin Si

and the orbital angular momentum of the binary L, ✓12
to be the angle between S1 and S2, and �� to be the
angle between the projection of the spins on the orbital
plane:

cos ✓1 = Ŝ1 · L̂, cos ✓2 = Ŝ2 · L̂, (2)

cos ✓12 = Ŝ1 · Ŝ2, cos�� =
Ŝ1 ⇥ L̂

|Ŝ1 ⇥ L̂| ·
Ŝ2 ⇥ L̂

|Ŝ2 ⇥ L̂| . (3)

As we will demonstrate below, the physical mechanisms
leading to the formation of the BH binary leave a char-
acteristic imprint on the angles �� and ✓12. This has
implications for GW data analysis and, even more strik-
ingly, for GW astronomy: at least in principle, measure-
ments of spin orientation with future GW detections can
constrain the astrophysical evolutionary processes that
lead the binary to merger.

All BH binaries with misaligned spins (✓i 6= 0) experi-
ence PN spin precession as they inspiral towards merger.

Although ensembles of BH binaries with isotropic spin
distributions retain their isotropic distributions as they
inspiral [13], anisotropic spin distributions can be sub-
stantially a↵ected by PN spin precession [6]. In particu-
lar, binaries can be attracted towards PN spin-orbit res-
onances in which the BH spins and orbital angular mo-
mentum jointly precess in a common plane (“resonant-
plane locking”). Binaries in which the two BH spins and
the orbital angular momentum do not share a common
plane at the end of the inspiral are said to precess freely.
Binaries can become locked into resonance if they satisfy
the following conditions at large separations:

i) comparable but not equal masses (0.4 . q 6= 1),

ii) su�ciently large spin magnitudes (�i & 0.5),

iii) unequal spin misalignments (✓1 6= ✓2).

If these conditions are satisfied, the spin distribution
of an ensemble of binaries will be strongly influenced by
the PN resonances although every individual member of
the ensemble will not necessarily become locked into res-
onance. In ensembles of binaries for which ✓1 < ✓2 at
large separations, the two spins tend to align with each
other, so that �� ! 0�, ✓12 ! 0�. If instead ✓1 > ✓2,
the projections of the BH spins on the orbital plane tend
to anti-align, so that �� ! 180�, ✓12 ! ✓1 + ✓2. The
mass ratios for which resonant-plane locking is e↵ective,
given by condition i) above, are typical for the stellar-
mass BH binaries detectable by Advanced LIGO/Virgo
(cf. Fig. 9 of [12]). The spin magnitudes �i of newly
formed BHs are highly uncertain, but observations of ac-
creting BHs in binary systems indicate that their spins
span the whole range 0  �i  1 allowed by general rela-
tivity [14, 15]. Many BH-BH systems may therefore sat-
isfy condition ii) above. In contrast, we would not expect
resonance locking in binaries in which one or both mem-
bers are neutron stars, as they are expected to have small
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FIG. 2. (Color online.) Left: Probability distribution of the angle between the projections of the spins on the orbital plane
��. As the binaries inspiral, the GW frequency fGW increases from 0.01 Hz (dotted blue lines) to 1 Hz (dashed red lines) and
later 20 Hz (solid black lines). Under the e↵ect of tides the PN evolution brings the spins in the same plane (�� ! 0�,±180�),
both in a reversed mass ratio (RMR, top panel) and in a standard mass ratio (SMR, middle panel) scenario. When tidal e↵ects
are removed (bottom panel, where we show both RMR and SMR binaries) the spins precess freely and pile up at �� = ±90�.
Right: Probability distribution of the angle between the two spins ✓12. In the RMR scenario (top panel) the spins end up
almost completely aligned with each other, i.e. most binaries have ✓12 ' 0�. In the SMR scenario (middle panel) and in the
absence of tides (bottom panel, where again we show both RMR and SMR binaries) a long tail at large values of ✓12 remains
even in the late inspiral. All simulations shown in this figure assume that kick directions are isotropically distributed. Error
bars are computed assuming statistical Poisson noise.

vanced LIGO/Virgo band at fGW ' 20 Hz. If tides are
artificially removed, free precession during the late stages
of the inspiral slows down the evolution of �� when the
components of the spin orthogonal to the orbital angu-
lar momentum are also orthogonal to each other, causing
binaries that are not locked into resonance to pile up at
�� = ±90�.

Let us stress again that the statistical e↵ect of res-
onances is clearly visible at fGW = 20Hz, i.e. when
BH binaries enter the Advanced LIGO/Virgo band. GW
measurements of �� can therefore be used to constrain
uncertainties in BH binary-formation scenarios. The in-
clusion of resonant e↵ects in population-synthesis models
(combined with a statistically significant sample of GW
measurements of ��) has the potential to constrain var-
ious aspects of the models, such as the e�ciency of tides,
stable mass transfer, common-envelope (CE) evolution,
SN kick velocities, and the metallicity of BH progenitors.

B. Outline of the paper

The rest of the paper provides details of our as-
trophysical model and a more detailed discussion of

the results. In Section II we introduce our fiducial
BH binary-formation channels, which are based on de-
tailed population-synthesis models, as described at much
greater length in Appendix A. In order to focus on spin ef-
fects, we fix the component masses to two representative
values. We assume that SN kicks follow a Maxwellian
distribution in magnitude. We also assume that the
kicks are distributed in a double cone of opening angle ✓b
about the spin of the exploding star and, to bracket un-
certainties, we consider two extreme scenarios: isotropic
(✓b = 90�) or polar (✓b = 10�) kicks.

Section III summarizes the results of evolving these
BH binaries under the e↵ect of gravitational radiation
down to a final separation of 10GM/c2. We demonstrate
that spin-orbit resonances have a significant impact on
the observable properties of our fiducial BH binaries. Al-
though we have only explored a handful of evolutionary
channels and component masses, in Section IV we argue
that the scenarios described in Fig. 1 are broadly appli-
cable: kicks, tides, and the mass-ratio distribution con-
trol spin alignment. We explore the sensitivity of these
three features (and hence of the observable distribution of
resonantly-locked binaries) to several poorly constrained
physical inputs to binary-evolution models, and we argue

• Morphology: feature of spin 
precession that does not vary on the 
precessional time! 

• Spin morphology tracks precise 
formation mechanisms 

• Tidal interactions, mass transfer events

Spin morphology is a new 
channel to BH astrophysics

DG et al 2013 



Try this at home
precession: new open-source python module 

pip install precession 
>>> import precession

1. Precessional dynamics 
2. Orbit-averaged inspirals 
3. Precession-averaged inspirals 
4. Superkick predictions 
5. API documentation 
6. Tests and tutorial

Distributed on GitHub, uploaded on 
the Python package index (pip)

I’m easy…

Features

davidegerosa.com/precession

… check me out!

DG and Kesden 2016
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Merger RingdowInspiral Kick

• Asymmetry in the GW emission in the late inspiral and merger 
• Remnant must recoil in the other direction

VII. DISCUSSION

The discovery that the hangup kick effect contributes
significantly to the gravitational recoil of merging black
hole binaries [21] implies that nonlinear spin couplings are
crucial in describing those recoils. Nonlinear couplings
come in a variety of combinations, as described in
Sec. II. In order to evaluate which of those terms produce
the largest contributions to the total recoil, we performed a
large set of new simulations. These 88 simulations of
precessing BHBs allowed us to confirm the relevance
of the hangup kick effect in more generic runs, discover
another important term that we named cross kick that
appears in precessing binaries, and give more accurate
predictions for other families of BHB configurations.

While not as dramatic as the hangup kick effect, the
cross kick may prove to be very important in the
non-equal-mass regime. To help elucidate how this new
contribution affects the recoil (for a given mass ratio),
we plot the maximum recoil for a configuration with
a given mass ratio and with both BHs maximally spin-
ning. As shown in Fig. 12, the cross kick enhances
the recoil (up to 600 km s!1) in the moderate mass-ratio
range.

To see how the cross kick contribution to the recoil
affects the net probabilities for large recoils, we revisit
the case of the supermassive BH binary with spins aligned
via hot and cold accretion [22] and nonaligned BHBs (i.e.,
dry mergers). Briefly, we consider a set of 1" 107 binaries
chosen randomly with a spin-magnitude distribution and
spin-inclination-angle distribution taken from Ref. [22],
and a mass-ratio distribution taken from Refs. [51–53].

We assume a uniform distribution of spin directions in
the equatorial plane (see Fig. 13). We find an increased
probability of large recoils (V > 2000 km s!1) by a factor
of #2 (see Table IX). However, to generate these proba-
bilities, we used the assumption that all terms in Eq. (25)
scale with the mass ratio as 16!2. This is a strong assump-
tion that we will revisit in an upcoming paper.
Additionally, we did not take into account new nonlinear
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FIG. 12 (color online). The maximum recoil velocity pre-
dicted by the cross kick, hangup kick, and superkick formulas
for BHBs with a given mass ratio and maximal spin. The
inset shows the difference between the cross kick and hangup
kick, and the cross kick and superkick, versus the symmetric
mass ratio.
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FIG. 13 (color online). A plot of d"final=d"init versus time for
a set of 360 binaries in a superkick configuration. The initial
separation is #10M, while the final separation is #3M. The
effect is only 4 parts in 1000.

TABLE IX. Comparison between the predicted probabilities
for a recoil in a given range as from the hangup kick and cross
kick formulas for hot (top) and cold (middle) accretion and dry
mergers (bottom).

Range P (cross) P (cross obs.) P (hang) P (hang obs.)

0–500 77.000% 91.301% 80.871% 93.210%

500–1000 15.564% 6.903% 13.843% 5.623%

1000–2000 6.930% 1.741% 5.046% 1.143%

2000–3000 0.498% 0.055% 0.237% 0.025%

3000–4000 0.007% 3:5" 10!4% 0.003% 1" 10!4%

0–500 91.193% 97.765% 93.657% 98.522%

500–1000 7.974% 2.114% 5.919% 1.423%

1000–2000 0.832% 0.120% 0.423% 0.055%

2000–3000 0.002% 1:3" 10!4% 4:7" 10!4% 0%

3000–4000 0% 0% 0% 0%

0–500 68.315% 86.465% 70.229% 87.693%

500–1000 18.382% 9.886% 18.157% 9.251%

1000–2000 11.820% 3.467% 10.519% 2.924%

2000–3000 1.449% 0.180% 1.074% 0.130%

3000–4000 0.034% 0.002% 0.021% 0.001%
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084027-12
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Fig. 1.—Upper limit (top) and lower limit (bottom) estimates of asVkick
functions of mass ratio q and spin of the larger black hole . Units are inã2
kilometers per second. Values of and q corresponding to lie in the˜ ˜a a 1 0.82
region to the right of the dotted line. Since eqs. (1) and (2) are not valid for

, was replaced by 0.8 in this region.˜ ˜a 1 0.8 a

Fig. 2.—Central escape velocities in units of kilometers per second in four
types of stellar system that could harbor merging BHs. E galaxy data are from
Faber et al. (1997), with separate symbols for core (open squares) and power-
law (open triangles) galaxies; dE data are from Binggeli & Jerjen (1998), with
mass-to-light ratios from Mateo (1998). GC and dSph data are from the tab-
ulation of Webbink (1996). The solid line is the mean escape velocity from
the DM halos associated with the luminous matter. The dashed line is the
escape velocity from the combined luminous!mean DM potentials for E
galaxies.

(1997). The E sample is consistent with the Faber-Jackson (1976)
relation.
The solid line in Figure 2 shows escape velocities from the

dark matter (DM) halos associated with the luminous stellar
systems. To relate halo properties to galaxy luminosities, we
use the conditional luminosity function from theF(LFM)dL
concordance L cold dark matter (LCDM) model M1 of Yang,
Mo, & van den Bosch (2003). The average luminosity ofL1
the brightest (“central”) galaxy in the halo of mass isMvir
implicitly given by the condition . Invert-"

F(LFM )dL p 1∫L vir1

ing this, we obtain and relate this mass to the escapeM (L )vir 1
velocity via , where is the virial2V p 2cg(c)GM /R Resc vir vir vir
radius of the halo, c is the concentration of a halo obeying the
Navarro, Frenk, & White (1996) profile, and g(c) p [ln (1!

(e.g., Łokas & Mamon 2001). At ,#1c)# c/(1! c)] z p 0
the average escape velocity is given by V p 239 kmesc

, where and h is the Hubble#1 1/2 11s (m /h) M p (10 m ) M11 vir 11 ,

parameter, set to 0.7 in Figure 2.
Figure 2 suggests that the consequences of the kicks are

strikingly different for the different classes of stellar system
that might host BHs. Escape velocities from E galaxies are
dominated by the stellar contribution to the potential; in the
sample of Faber et al. (1997), even without#1V ! 450 km sesc
accounting for DM. This exceeds even the upper limits in Fig-
ure 1. Hence, the kicks should almost never unbind BHs from
E galaxies. The tight correlations observed between the BH
mass and bulge luminosity (McLure & Dunlop 2002; Erwin,
Graham, & Caon 2004) and the velocity dispersion (Ferrarese
& Merritt 2000; Gebhardt et al. 2000) could probably not be
maintained if escape occurred with any significant frequency
from luminous galaxies. The upturn in escape velocity for gal-

axies brighter an is a consequence of the increaseM ∼ #20V

in the occupation number of their host halos. The dashed line
in Figure 2 shows the escape velocity from the combined
luminous!DM potential for the E galaxies, using the scaling
relation derived above to describe the luminous component.
The existence of DM significantly affects the escape prob-

ability from dE and dSph galaxies, implying kicks of ∼300 and
∼100 km s#1, respectively, for escape. In the absence of DM,
these numbers would be ∼100 and ∼20 km s#1, respectively.
Hence, kicks of order 200 km s would unbind BHs from#1

dSph galaxies whether or not they contain DM, while dE gal-
axies could retain their BHs if they are surrounded by DM
halos.
Evidence of intermediate-mass BHs at the centers of gal-

axies fainter than is sketchy (e.g., van der MarelM ≈ #19V

2004), although there is indirect (nondynamical) evidence
of BHs in faint Seyfert bulges (Filippenko & Ho 2003). We
note that the dense nuclei associated with BHs in galaxies
like M32 ( ) become progressively less frequent atM ≈ #19V

magnitudes fainter than and disappear entirelyM ≈ #16V

below (van den Bergh 1986). If the dense nucleiM ≈ #12V

are associated with nuclear BHs (e.g., Peebles 1972), their
absence could signal loss of the BHs via ejection. It is in-
triguing that these nuclei are sometimes observed to be dis-
placed far from the galaxy center (Binggeli, Barazza, &
Jerjen 2000). Figures 1 and 2 imply that even kicks at the
lower limits of Paper I would almost always unbind BHs
from GCs.

3. EJECTION IN HIERARCHICAL MERGING SCENARIOS

The kicks have serious implications for models in which
massive BHs grow from mergers of less massive seeds. In some
of these models, the precursors are stellar- or intermediate-mass

Merritt et al. 2004

Kicks up to 5000 km/s! Larger than galaxy escape speeds!

Black-hole kicks



• In GW measurements, total mass and redshift are degenerate 
• Kicks in the waveform shows up as a red/blueshift!

Kicked waveforms
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FIG. 1. GW shift due to BH kicks (artificially exaggerated to demonstrate the key features). As the kick velocity builds up
during the last few orbits and merger, the emitted GWs are progressively redshifted (left) or blueshifted (right), depending
on the sign of the projection of the kick velocity vk onto the line of sight n̂. This is equivalent to di↵erentially rescaling the
binary’s total mass in the phase evolution from M to M(1+vk · n̂). These figures have been produced by artificially imparting
kicks of vk · n̂ = ±0.5c to nonspinning equal-mass binaries, assuming a Gaussian kick model with � = 60M [see Eqs. (4) and
(5) with ↵n = 0 for n � 1].

Doppler mass shift. – In the absence of a mass or
length scale in vacuum GR, the GW frequency f en-
ters the binary dynamics exclusively in the dimension-
less form fM , where M is the total mass of the binary
(hereafter G = c = 1). This scale invariance implies
a complete degeneracy between a frequency shift and a
rescaling of the total mass of the system. For example,
the cosmological redshift z of a BH binary merely en-
ters in the predicted GW emission through a rescaling
of the total mass by a factor (1 + z) and, hence, GW
observation of the binary only measures the combination
M(1+z)[30]. BH kicks produce a similar e↵ect: at linear
order, the motion of the center of mass shifts the emitted
GW frequency by a factor 1 + vk · n̂ while leaving the
amplitude una↵ected (vk is the kick velocity with mag-
nitude vk and the unit vector n̂ denotes the direction of
the line of sight from observer to source). There is, how-
ever, one crucial di↵erence: while cosmological redshift
homogeneously a↵ects the entire signal, a frequency shift
due to BH kicks gradually accumulates during the last
orbits and merger. This point is illustrated in Fig. 1: as
a kick is imparted to the merging BHs, the emitted GWs
are progressively blue- or redshifted. The frequency of
the signal changes as if the mass of the system was var-
ied from M in the early inspiral to M(1 + vk · n̂) by the
end of the ringdown.

The detectability of this e↵ect can be estimated us-
ing the following back-of-the-envelope argument. Imag-
ine breaking a BH binary waveform into two parts: in-
spiral and ringdown, h(t) = hi(t) + hr(t). For simplic-
ity, assume that the kick is imparted instantaneously at
merger so that only hr is a↵ected. Let Mi and Mr, re-
spectively, denote the total binary mass as measured from
hi and hr alone. Neglecting the energy radiated in GWs

–this e↵ect is not negligible in magnitude, resulting in a
reduction of the mass by ⇠ 5 %, but can be estimated ac-
curately from the waveform and thus be accounted for–,
the e↵ect of a kick is to Doppler shift the final mass ac-
cording to Mr = Mi(1 + vk · n̂). The inspiral part hi

of the GW signal generally contains a larger fraction of
the signal-to-noise ratio (SNR) than the ringdown part
hr, so the detectability of the kick will be limited by the
measurement of Mr: kicks of magnitude vk can be de-
tected if Mr is measured with a fractional accuracy of
. vk/c (⇠ 1% for a superkick along the line of sight).
The ringdown waveform can be modeled using the least
damped quasinormal mode for a Schwarzschild BH [31]
hr(t) ' A exp(�0.089t/Mr) sin(0.37t/Mr) which gives a
squared SNR

⇢2r =
1

Sn

Z 1

0

hr(t)
2 dt ' 2.66MrA

2

Sn
, (1)

assuming white noise in a detector with power spectral
density (PSD) Sn(f) = Sn = const. The error on the
measurement of Mr can be estimated using the linear
signal approximation,
✓

1

�Mr

◆
2

=
1

Sn

Z 1

0

✓
@

@M
hr(t)

◆
2

dt ' 25.6A2

MrSn
, (2)

Therefore, the fractional error on Mr is given by

�Mr

Mr
' 0.322

⇢r
. (3)

This back-of-the-envelope argument suggests that kicks
along the line of sight with magnitude vk ⇠ 0.003c '
900 km s�1 can be measured with GW observations if
the SNR in the ringdown is ⇢r ⇠ 100. Direct detec-
tion of BH kicks will be very challenging, if not impossi-
ble, with current ground-based detectors. For instance,

DG and Moore 2016



Can kick shifts be detected?

3

the rather loud event GW150914 has a ringdown SNR
⇢r ⇠ 5 [32], which would only allow us to measure unre-
alistically large kicks vk ⇠ 0.06c. On the other hand, BH
kicks are very promising observables for space-based de-
tectors, where SNRs in the ringdown can reach ⇢r ⇠ 103

[33]. This will allow for measurements of supermassive
BH kicks with magnitude as low as vk ⇠ 100 km s�1,
which are expected to be ubiquitous [34, 35]. The de-
tectability of the kick is governed by the ringdown part
of the SNR ⇢r, which has also been found to be impor-
tant to detect the GW memory e↵ect (see Ref. [36] where
kicks are also mentioned) and test the Kerr hypothesis
via BH spectroscopy [31].

Kicked waveforms. – In order to investigate the de-
tectability of BH kicks more quantitatively, we need a
waveform model that captures the cumulative frequency
shift they introduce. Doppler shifts due to BH kicks can
be straightforwardly incorporated into any preexisting
waveform model (which does not include the kick) by
substituting M ! M ⇥ [1 + v(t)] in the phase evolution,
where v(t) is the projection of the center-of-mass veloc-
ity due to the kick onto the line of sight. Here, we only
consider the nonrelativistic Doppler shift; relativistic cor-
rections enter at the order O(vk)2 . 10�4, well below the
magnitude relevant for our analysis. The profile v(t) is
taken such that v(t) ! 0 as t ! �1 and v(t) ! vk · n̂
as t ! 1. A common observation in NR simulations is
that the kick is imparted over a time 2� ⇠ 20M centered
on the merger, at a rate dv/dt which is approximately of
Gaussian shape [37, 38], possibly with some deceleration
after merger (antikick) [39, 40]. In contrast to the kick
speed, relatively little is known regarding the kick pro-
file beyond these qualitative observations. We therefore
adopt a flexible model for the kick profile. We expand
dv/dt according to

d

dt
v(t) = vk · n

P
n ↵n�n(t)R1

�1
P

n ↵n�n(t) dt
, (4)

�n(t)=
1

�
p

2nn!
p
⇡

exp

✓
� (t � tc)2

2�2

◆
Hn

✓
t � tc
�

◆
, (5)

where Hn are the Hermite polynomials, tc is the time
of coalescence, � controls the duration over which the
kick is accumulated and the ↵n weigh the various com-
ponents. The functions �n(t) constitute a complete basis
(they are actually the familiar solutions for the quantum
harmonic oscillator) and so they can model all possible
kick profiles. This basis is particularly appealing, be-
cause the first two terms n = 0, 1 model Gaussian ac-
celeration profiles and antikicks, respectively. The case
� = 0 and ↵n = 0 for n � 1 corresponds to a kick instan-
taneously imparted at tc, as assumed in the back-of-the-
envelope argument presented above. We have tested this
prescription against 200 NR waveforms from the public
Simulating eXtreme Spacetimes catalog [41], finding that

FIG. 2. Mismatches introduced by BH recoils. The top panel
shows the mismatch 1 �O between (i) a standard waveform
of equal-mass nonspinning BH binaries of total mass M and
(ii) a ‘kicked’ waveform which includes the Doppler-shifting
e↵ects of a velocity profile v(t). Each line corresponds to a
di↵erent kick profile v(t), as shown in the bottom panel. All
models shown here assume ↵n = 0 for n � 2. The � = 10M ,
↵1/↵0 = 0 model (solid line) is used in Fig. 3.

the radiated-momentum profiles obtained from integrat-
ing the l  6 modes of the Newman-Penrose scalar  
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are well approximated by the first two terms of the ex-
pansion of Eqs. (4) and (5). For systems with kicks above
500 km s�1, residuals in vk are less than 17% in all cases,
and typically less than 4% [42].

For a given waveform approximant, GW detector, and
binary parameters, we generate two signals: a standard
waveform h

0

(t) and a second “kicked” waveform hk(t).
The two waveforms can be compared by calculating their
overlap

O = max
tc,�c

(h
0

|hk)p
(h

0

|h
0

)(hk|hk)
, (6)

where (h
0

|hk) is the noise-weighted inner product [44]
and tc (�c) is the time (phase) of coalescence. Approxi-
mately, two waveforms are distinguishable (and the kick
detectable) if O . 1 � ⇢�2 [45], where ⇢ =

p
(h

0

|h
0

) is
the SNR (of the full waveform). This assumes the kick is
not degenerate with other parameters, which is expected
as the kick mostly a↵ects the ringdown and not the entire
signal.

This procedure is illustrated in Fig. 2 using a sim-

⇢ =
p

< h0|h0 > O < 1� 1

⇢2

Signal-to-noise ratio Overlap Distinguishable if

4

FIG. 3. Detectability of BH kicks with LIGO (left) and eLISA (right). For each simulated source we compute the overlap O
between standard and ‘kicked’ waveforms, and compare it with the SNR ⇢. Kick velocities –here encoded in the color bar– are
imparted using NR fitting formulas. BH kicks are detectable for the fraction F of the sources above the black line, O < 1�⇢�2.
eLISA results have here been generated with the “N2A5L6” PSD of Ref. [43].

ple controlled experiment. We consider 6 inspiral cycles,
merger and ringdown of an equal-mass nonspinning BH
binary (a similar setup to that used in Fig. 1). For sim-
plicity, and to ensure that the results are not detector
specific, the overlaps have been computed using a flat
PSD. Artificially imposed recoils of ⇠ 1000 km s�1 intro-
duce mismatches (1 � O) ⇠ 10�5. Kicks are more likely
to be detected if they are imparted over a longer period
of time (i.e. larger �) because dephasing starts to occur
earlier in the inspiral (this e↵ect can be seen in Fig. 1
where a larger value of � = 60M was used). Note that
the overlaps are approximately symmetric with respect
to the transformation vk ! �vk, i.e. blueshifts and red-
shifts are equally detectable. This property can be shown
to hold exactly at linear order in vk [42].

We next explore more realistic scenarios by using NR
fitting formulas to predict the kick velocity. For this
purpose, we generate two BH binary populations for the
LIGO and eLISA detectors. LIGO (eLISA) sources were
selected randomly from the following distributions: uni-
form total mass M 2 [10M�, 100M�] ([105M�, 106M�])
and mass ratio q 2 [0.05, 1]; uniform dimensionless spin
magnitudes �

1

, �
2

2 [0, 1]; isotropic inclination and
spin directions at a reference GW frequency f

ref

= 20
Hz (2 mHz); isotropic sky location; sources are dis-
tributed homogeneously in comoving volume with comov-
ing distance Dc 2 [0.1 Gpc, 1 Gpc] ([1 Gpc, 10 Gpc]) as-
suming the Planck cosmology [46]. We use the LIGO
“Zero-Det-High-P” PSD of Ref. [47] with lower cut-
o↵s f

low

= 10 Hz, and the two possible eLISA PSDs
“N2A5L6” and “N2A1L4” of Ref. [43] with f

low

= 0.3
mHz (the former being more optimistic; for simplicity, we
neglect the spacecraft orbital motion which can be sepa-
rately accounted for). For each binary, we estimate the
kick velocity using the fitting formula summarized in [48].
In order to return accurate estimates, the kick formula
requires as input the BH spin parameters at separations

r ⇠ 10M , comparable to the initial separations of the
NR simulations used in the formula’s calibration. Other-
wise, resonant e↵ects [49] are not adequately accounted
for and lead to erroneous kick magnitudes [50]. We bridge
the separation range between f

ref

and r = 10 M using
the orbit-averaged post-Newtonian evolution code of [48].
The NR fitting formula then provides expressions for the
kick components parallel and orthogonal to the binary
orbital angular momentum L: vk and v?. The projec-
tion of the kick velocity along the line of sight is given
by

vk · n̂ = vk cos ⇥ cos ◆ � v? cos ⇥0 sin ◆ , (7)

where cos ◆ = L̂ · n̂ is the cosine of the inclination at
r = 10M , ⇥ is related to the direction of the orbital-
plane components of the spins at merger [37, 51], and
⇥0 sets the direction of the orbital-plane component of
the kick [42]. In practice, both ⇥ and ⇥0 depend on the
initial separation of the binary in the NR simulations.
While the ⇥ dependence has been studied extensively
in the literature [37, 51], the impact of ⇥0 and its re-
lation with ⇥ have, to our knowledge, not yet been ex-
plored. In the following, both angles are drawn uniformly
in [0,⇡]. For each system, we generate two waveforms,
h
0

and hk, using the inspiral-merger-ringdown approxi-
mant “IMRPhenomPv2” of Refs. [52–54] which accounts
for spin precession. We have verified our results for the
overlaps are insensitive to the choice of the waveform ap-
proximant, even when non-precessing models are used.
In the following, we assume a “Gaussian” kick model,
described by ↵n = 0 for n � 1 and � = 10M (solid curve
in Fig. 2); cf. Ref. [37].

Our results are summarized in Fig. 3. As suggested by
our previous argument, none of the LIGO sources have
mismatches high enough to detect the kick. The eLISA
case is di↵erent: ⇠ 1%-6% (depending on the PSD) of
the simulated sources have O < 1 � ⇢�2 and therefore

eLISA can! 
• Hulse-Taylor pulsar: first evidence GWs carry energy 
• GW150914: first evidence of GWs themselves 
• Kicks: first evidence GWs carry linear momentum
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